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Abstract. This paper presents results obtained from an initial approximation for the flow around a circular cylinder 
in two-dimensional oscillating flow. The analysis is developed in terms of the scalar vorticity and stream function. 
An expansion in powers of time from the start of the motion is obtained using an exact analysis which extends 
the results of boundary-layer theory by taking into account corrections for finite Reynolds number. The time 
development of the physical properties of the flow are determined both by means of analytical expressions and 
by an accurate numerical procedure. The surface pressure, drag and surface vorticity are calculated and various 
estimates of the time of separation and the distance moved in this time are obtained. The phenomenon of steady 
streaming is not considered in this paper since the time of validity of the expansions is small. The agreement 
between the analytical and numerical results at small times is excellent. 

1. Introduction 

Oscillating flow past a fixed circular cylinder has received a great deal of  attention especially 
for  the prediction of  the loads on engineering structures such as ocean pipelines or risers, 
offshore-platform supports, bridge piers or smoke stacks. This classical fluid mechanics 
problem has previously been studied extensively (Stuart [1], Wang [2], Riley [3], Stuart 
[4], Davidson & Riley [5], Vasantha & Riley [6]). In these studies perturbation methods based 
on unsteady boundary-layer  theory was used. It seems that there is no work on finite Reynolds 
number  perturbations based on the full Navier-Stokes equations. The essential purpose of  the 
present paper is to give the details of  the initial oscillatory flow past a circular cylinder for high 
but finite values of  the Reynolds number  when a = 0 ( 1 ), where a is the Strouhal number. 
The present analysis adopts basically the same type of  perturbation method as that used by 
Collins & Dennis [7] for solving the initial flow (non-oscillating) past a circular cylinder. 

2. Governing equations and method of solution 

At t ime t = 0, the viscous incompressible fluid surrounding an infinitely long circular cylinder 
suddenly starts to oscillate at right angles to the axis of  symmetry of  the cylinder. Unidirectional 
oscillations of  the flow are represented by the velocity U cos ~ t ,  where co is the frequency 
of  the oscillations and t is the time. In practice, modified polar co-ordinates (~,/9) are used, 
where ~ = l o g ( t / a ) ,  a is the radius of  the cylinder, and the origin is taken at the centre of  the 
cylinder. 

The motion is two-dimensional  and may be described in terms of  the usual two simultaneous 
equations satisfied by the stream function and the scalar vorticity. Dimensionless functions 
~b and ( are used, related to the dimensional stream function and vorticity ~b* = Ua~b, 
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¢* = - U ( / a. The dimensionless radial and transverse components of velocity (u, v) obtained 
by dividing the corresponding dimensional components by U are then given by 

e ~ 0 ¢  - e -  ~ 0~b u = - v = (2.1) 
00' 

and the function ~ is defined by 

~=e-~(  O u O v  ) 
0(  v . (2.2) 

The equations of motion can be expressed as the two equations 

e2~0-7 = R \ 0 (  2 + 002,] 00 O{ + 0--( 0---0' (2.3) 

02~ 02~3 = e2~ff. 
nt- 002 (2.4) 

Here r = Ut/a and R is the Reynolds number defined by R = 2Ua/u, where u is the 
coefficient of kinematic viscosity. 

Equations (2.3) and (2.4) are those considered by Collins & Dennis [7] in the case of 
sudden translation of a circular cylinder without oscillation. Here the oscillation of the flow 
enters through the Strouhal number a = aw/U in the boundary conditions, which may be 
stated as 

0¢ 
~ b -  0~ - 0  w h e n ~ = 0 ,  (2.5) 

e -~ 00~ --+ (cos a r )  sin0, e -~ 0¢00 -+ (cos a r )  cos 0 as ~ --+ oo. (2.6) 

The set of conditions (2.5) and (2.6) must be satisfied for all r > 0 and for all 0 such that 
0 ~< 0 ~< re, and moreover, the flow will be assumed to remain symmetrical about the direction 
of the motion of the flow. Then both functions ¢ and ( are anti-symmetrical about 0 = 0 and 
19 = 7r and, in particular, 

~b(~, O) = ((~, 0) = 0 when 0 = 0, 0 = re. (2.7) 

In the present analysis the calculations are carried out on the basis of the method of solution 
adopted by Collins & Dennis [7] in which the functions ~b and ~ were expressed in the form 
of the series 

oo 

¢(~,  0, r )  = ~ f , (~ ,  7-) sinn0, (2.8) 
n = l  

¢(~, 0, r )  = y ~  gn(¢, r )  sinn0 
n - - 1  

(2.9) 

to determine the initial flow in the boundary layer mainly by analytical methods for small values 
of 7-. We shall use the same coordinates and transformations appropriate to the initial boundary 
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layer as those employed by Collins & Dennis [7]. Thus, the basic governing equations remain 
unaltered and will be summarized briefly in the next section, but the boundary conditions are 
different and give rise to the essential differences in the flow. 

The boundary conditions follow from (2.5) and (2.6). From (2.5) we find that 

oA 
f n =  = 0  w h e n ~ = 0 ,  (2.10) 

for all n. As a consequence of the condition (2.6) we must also have that, for all n, 

9~(~ , r )  ~ 0 as~ ~ ~ .  (2.11) 

Finally, the condition (2.6) implies that 

e -~Ofn ÷ (cosar)tS~,l, e-~f~ "--+ ( c o s a r ) / S n , 1 ,  as~ -* oo, (2.12) 

where 6m,n is the Kronecker delta symbol defined by 

8m,~= 1 i f  r e = n ,  ~ S m , ~ = 0 i f m ~ n .  (2.13) 

It may now be shown, following Collins & Dennis [7], that (2.10) and (2.12) can be used to 
deduce from (2.4) a further set of conditions of global type, namely 

fO °° e(E-n)~gn(~, 7") d~ = 2(cos O~T)~n,1 (2.14) 

where ~5,~, 1 has the significance in (2.13). It can be shown that the conditions (2.10), (2.11) and 
(2.14) are sufficient to solve the problem, and that, if they are satisfied and 9n (~, 7-) is assumed 
to be such that eZ~gn(~ , 7-) is bounded for all n as ~ --* oo, then the flow is automatically 
adjusted to satisfy the external stream condition (2.6). The functions 9~(~, 7-) can be verified 
to satisfy the necessary condition a posteriori. 

3. Determination of the initial flow 

The initial flow is governed by the usual boundary-layer theory in which a layer of thickness 
( r / R )  1/2 surrounds the cylinder following the sudden start. We therefore introduce variables 
appropriate to this layer defined by 

= kx,  k = 2 (2v /R)  1/2, (3.1) 

and then transform all the appropriate equations using (3.1) together with the scalings of 
variables 

Gn 
.in = kFn, gn = k " (3.2) 

The equation (2.4) then gives rise to the set of equations 

02Fn n2k2Fn = e2kXGn, (3.3) 
Ox 2 
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while equation (2.3) gives the set 

47-0G~ = e_2k x02Gn e_2kx)0G~ 
Or Ox ---T- + (2x + 4nrF2~ Ox 

/ r OF2n 

where 

1~-~  ([(m+n)Fm+~ " OG~ r OFm+n sgn(m .OFjl Gin) 
SZ = ~ - 3 F ; ] ~  + m L Oz - n)--~-x J 

m = l  
m#n 

(3.4) 

Here, j = I m  - n l  and sgn(ra - n) denotes the sign of m - n, with sgn(0) = 0. 
The boundary conditions utilized in conjunction with (3.3) and (3.4) are the transformed 

conditions (2.10), (2.11) and (2.14) after (3.1) and (3.2) have been applied. This gives 

OFn 
F n -  Ox - 0  w h e n x = 0 ;  g ( x , r ) ~ O a s x  ~ o o  (3.5) 

and 

o ° e(2-~)kXG,~(x, 7-) dx = 2(cos ar)~,~,l. (3.6) 

With these conditions it is possible to construct an exact solution in powers of 7- following the 
method of Collins & Dennis [7]. 

If we put r = k = 0 in (3.3) and (3.4) for the start of the motion, we obtain the same initial 
solutions 

Gn(x,O) - 47r-1/2~ne-X2, F~ = 2[xerfx - 71-1 /2 (1  - e-X2)]~Sn, (3.7) 

given by Collins & Dennis which satisfy (3.5) and (3.6). From the initial expressions (3.7) we 
may now build up a perturbation solution in powers of 7- following Collins & Dennis [7]. The 
expansions for the stream function and vorticity can be made in terms of both k and 7-. In the 
first place we may expand ¢ and ( in the form 

~3 --  ~30 "~- k,~bl "~- k2~32 -1- . . . ,  ( = (0  -t- k~'l -t- k2 (2  q- . . . ,  (3.8) 

where Cm = era(x,  O, r), (m = (re(x, 0, 7"). Then each gbm, (m is expanded as a series of 
powers of 7- in the form 

o o  o o  

~m(X,O,r) = E Cmn(X'O)rn' (m(X,O,r)= E (mn(X'O)Tn' (3.9) 
n=0  n=0  

where each of the coefficients Cmn, C~,~ consists of combinations of functions of x with 
periodic functions of 0. The process of derivation of these coefficients follows very closely 
the procedures described by Collins & Dennis [7]. It is not necessary to give the analysis 
in detail and we shall give only the expressions which have been derived for a few of the 
functions in the series in (3.9). 

The differential equations for the functions Cmn(X, 0), (mn(X, 0) and the boundary condi- 
tions satisfied by these functions can easily be found. In practice each of these functions can be 



The Initial Oscillatory Flow Past a Circular Cylinder 259 

decomposed into a finite set of Fourier-sine components in the coordinate 0 with coefficients 
which are functions of the variable x. In other words, each of the coefficients of the periodic 
terms in (3.8) and (3.9) may be considered as a function of x, 7- and also to be dependent of k. 
On expansion in powers of 7- and k and equating to zero each coefficient of kmr ~, we get the 
conditions which the Fourier-sine components must satisfy. In the following we shall identify 
only the composite functions. 

The leading terms (0o and ~b00 of the expansions are given by means of (3.7), where each 
term involves the single periodic term sin 0. The function (01 involves the single periodic 
term sin 20. The differential equation which it satisfies and the solution are given by Collins 
& Dennis [7]. The solution satisfying all the boundary conditions is 

4 -1 ( 0 1 ( X , 0 ) - - - ( - - 4 7 r - 1 / 2 ( l + ~ T r  ) (e-X2 + Trl/2xerfx) 
F 2 -l'~ _4x(erfx)2 4 t x: _ 4 )  e - ~ 2  +8 ~ l + ~ T r  ) x  + ~ r -  x(3e-  

- 1/2(2x2 - 1) e -~2 erfx)  sin 20. (3.1 + 2 r  0) 

and the stream function corresponding to (3.10) is found by integrating 02¢/ax 2 = ( twice 
subject to ~b = O~/Ox = 0 at x = 0. 

The term a in (3.6) now enters through (02, which satisfies 

02(°20x 2 + 2x 0(°2~ - 6(02 = r021(x)sin0 + r023(x ) sin30 (3.11) 

where ro21(x) and ro23(x) are given in the appendix. The corresponding solutions for (02 and 
402 consist of a sum of two terms in sin 0 and sin 30 with coefficients which are functions of 
x. Exact expressions for these functions have been obtained; because of their long expression 
we only present 

li...,In~((02(x, 0)) = l135r-5/2([720r2(2 - t~ 2) - (3402x/3-  2196)r - 2816] sin0 

+[180~ "2 -  (1458x/3-  1404)7r + 256] sin30) 

Thus if R is large enough and 7. small, the solution is given approximately by 

( r,a (00 "4- 7"(01 "q- 7"2(02 • (3.12) 

The corresponding surface vorticity is given by 

( (0 ,0 ,v )  ,-~ 7r-1/2 (4 + 1-~Tr-217207r2(2 - o~2) - (3402x/3 - 2196)7r - 2816]v2 ) 

xs inO-4rr-1/2( l+47r-1)  rsin20+ 1--~-~-5/2135'' 

×[180r 2 -  ( 1 4 5 8 V ~ -  1404)rr + 256]r 2 sin 30. (3.13) 

In order to obtain the terms (1,~(x, 0) of the series for (1, it may be shown that (in satisfies 
an equation of the type 

02(lnOx------- f- + 2x O(lnOx - 4n(l~ = Rln(x, 0). (3.14) 
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We find that 

R10(x, 0) = 167r-l12x(2x2 - 1) e -z2 sin0 

and the solution satisfying all the conditions is 

(10 = ((1 - erfx)  - 27r-1/2x(Zx2 + 1)e -x:) sin0. 

The stream function is found by integrating the equation 

02~/~10 
Ox z = (lo + 2x(00, 

subject to the conditions 

O~blO_o a t x = O .  ¢10-- 0X 

For the function (l 1 we obtain 

RII(X, 0) = rll(X ) sin20, 

where 

 ll(x) 

(3.15) 

(3.16) 

(3.17) 

(3.18) 

(3.19) 

LOO 
/3 = e-2~:erf(x) dx 

1 5 3 9 , -  57991'~ 88 2~ - ( 11~54 v/'2 + ---~-6--~/3 + 1--i-~-~-~-) 7r- 1 + ~ 7r- ) sin 3/7 

where/3 is the integral 

lil~((12(X,0)) = ( / 2 ~ I v / ~  

/'20537 
+/, 2--g 

478, ) 
256 °~2 -- 54/371"-1/2 

54 v/-~ 4563 7r_1+ sin0 

-3689v~)  + 324/3r -1/2 

( 16 --1"~ = 47r-i/2e -~2 x ( 1 6 x 4 + 6 x 2 - 1 ) e r f x +  6+-~-rr ) x  

+27r-1/2x2(8x2-1)e-X2- 2x3 ( l  + 2-~Tr-1/2x)] 

-4erfx(1  - erfx).  (3.20) 

The expression (3.20) was not given explicitly by Collins & Dennis [7], but the solution (11 
of (3.14) satisfying all the conditions was given (denoted by wll) in equation (56), p. 64, with 
an error of a term 4x 3 in L2(x) to be replaced by 4rrx 3. The function (12 satisfies the equation 

02(12 2x 0(12 -- 8(12 = rl21(x) sin0 + r123(x ) sin30 (3.21) 

where rlZl(X) and rlz3(x) are given in the appendix. Exact expressions for (12 and ¢12 have 
been obtained; because of their long expression we only present 
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which can be evaluated as 

/9 = (27r) -1/2 arctan(2-1/2). (3.22) 

The first term (20 of the series for (2 satisfies the equation 

02(20 2x 0(20 -- - - 4 7 r - l / 2 ( 8 x 6  16x 4 1)e -z2 sin0. (3.23) 
Ox -------Y + cOx - - - 

The solution (denoted by w2o) satisfying all the conditions is given as equation (54) by Collins 
& Dennis [7] and the solution for ~20 is given as equation (55), where a numerical factor 
7/24 should be replaced by 1/24. It becomes too complicated to obtain further terms by exact 
analysis. We thus finally obtain an expression for the vorticity 

~(X,O, 7"),,~(OO+ T(Ol + V2(o2+ k((lO+ V(ll + r2(12)+ k2(~20+O(T)) (3.24) 

which is valid for small r and large R. In particular, we find for the surface vorticity 

((O,O,r) ~ (4~-l /2 + k -  ~ - l / 2 k 2 )  s inO- r 

X (37r-3/2(37r+4) - ~-~Trl -l(157r[96x/r2-77] - 304))sin20 

+r2  ( (  l~-~Tr-21720r2(2- a2) - (3402x/3 - 2196)r - 2816 ] 

+[1.60170-1oz2]k) sinO + ( ~---~Tr-5/2[1807r 2 

- ( 1 4 5 8 V ~ -  1404)r + 256] + 4.92853k)sin 30) (3.25) 

Some further results derived from these solutions will be given in the next section. 

4. Results and comparisons 

One of the most interesting physical features of the flow is the determination of the time at 
which the fluid first starts to separate from the cylinder. It occurs at a time r = T, say, defined 
by the condition O(/OO = 0 for x = 0, O = 0. From the expansion (3.24) in powers of k and 
r we can obtain various approximations to T by investigating the roots of the equation 

mo nO 
Z r ,  kmT"(OCm"/OO)'=°=° = O. 
m=0 n=0 

(4.1) 

Here ra0 and no correspond to the total number of terms taken in the series (3.12) and (3.24) for 
~(x, O, r) .  The boundary-layer solution corresponds to m o =  0 and successive approximations 
to T are obtained by taking increasing values of no. 

If we take no = 1 in the boundary-layer case we obtain 

T = 3r [2(3r  + 4)] -1 ,2_ 0.3510217 
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Table 1. Approximations to the time of separation, T, for the boundary layer case 
(k = 0orR = ~). 

0 1 2 4 6 8 

T 0.319505 0.287028 0.232814 0.157529 0.116830 0.0924374 

Table 2. The effect of  the first two boundary-layer correction 
terms on the time of first separation T. 

R /~  0 1 2 4 6 8 

100 . . . . . .  
500 0.415 0.344 0.259 0.165 0.120 0.094 

103 0.378 0.324 0.250 0.163 0.119 0.094 

104 0.335 0.297 0.238 0.159 0.118 0.093 

which is in agreement with the boundary-layer theory. The second approximation (no = 2) 
gives the time T as the positive root of 

1 
7l---2 (41457r2(11- 4c~ 2) - 7r(1944x/3 - 2 1 9 6 ) -  1602]-  512) T 2 

135 

87r-l(37r + 4)T + 4 = 0. (4.2) 
3 

This yields the value T = 0.319504 when c~ = 0 which is in agreement with the approxi- 
mation given by Collins & Dennis [7] in the case of an impulsively started circular cylinder 
without oscillation. Approximations corresponding to values of the Strouhal number have 
been calculated and these are shown in Table 1. An investigation of the variation of T with R 
and ~ has also been carried out by finding the appropriate root of the equation 

1 7r_2(180( 11 - 4o~2)7r 2 - (7776x/3-  6408)rr - 6920)T 2 + ( 2 7 r T / R )  1/2 
135 

133-~7r-2(105(32c~2 - 7008V~ -t- 4509)7r 2 X 
I .  

+6168960flTr 3/2 - (379904v/2+771120x/-3- 1270928)7r + 141312)T 2 

+ 1 ( 1 4 4 0 v ~ - l l 5 0 7 r - 1 ) T  + 2 ] -  ~rr-l(37r + 4 ) T  + 4  = 0 (4.3) 

incorporating the terms in (5.1) when m0 = 1 and no = 2 which have been calculated. The 
results are shown in Table 2. The results of Table 2 shows that R has a stronger influence 
on the time of first separation at lower c~ than at higher c~. It is noted that the time of the 
separation increases with the increase of the steady-streaming Reynolds number R~ = R/c~ 
(i.e. with the decrease of the frequency parameter # = R~) for fixed R. The results of Table 2 
verify that the frequency parameters Rs and # have no effects on the time of the separation in 
the case of non-oscillating flow when ~ = 0. Also, the effect of increase of Strouhal number 
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is to drastically reduce the time of separation at all Reynolds numbers. In conclusion, if the 
oscillation amplitude is very small compared with the radius of the cylinder, c~ >> 1, the flow 
cannot allow separation. 

A dimefisionless drag coefficient CD is defined by CD = D/pU2a where D is the total 
viscous drag on the cylinder. It may be expressed as 

4 
= 0--~] ~=0 sin 0 dO, (4.4) 

in which the first term in the integral gives the friction drag coefficient Cf and the second 
the pressure drag coefficient Cp, where CD = Cy + Cp. Both of these coefficients can be 
calculated as series in powers of v and k from the present results. It is found, as far as the 
terms calculated, that 

CI = 7r(2Rv)-l/2147c -1/2- l1357r-5/2(213607r2(o~ 2 -  2) 

+97r(189v/-3-122)+1408])v2+k- (~Tr-l/2) k 2 

26~807r-2( 1057r2( 128c~2 _ 7292v/-~ + 4785) + 1451 520/3r3/2 

+Tr(610304v/2 + 1533168v/-3 - 2300144) - 362496)k7 "2 + O(7-3)/ (4.5) 
J 

= _ ! [  Cp 47- 8°~2T2 -- 471"-1/2k -- k2 + - ~ 1  71"-5/2 
15120 

x ((806407r2(~ 2 - 12v~ + 6) + 4354560/37r 3/2 

-Tr(430080v~ - 381024v/3 - 345408) + 315392)kr 2 + 0(7-3)] (4.6) 

It may be seen that initially Cf and Cp contribute equally to CD 

(8 )1/2 
Cy ~- Cp ~- \Rr] (4.7) 

in agreement with the result given by Collins & Dennis [7] for the impulsively started 
circular cylinder. Also, the increase of Strouhal number soon has an appreciable effect on C9, 
particularly if R is large. 

Finally, we may also obtain an exact expression for the surface pressure coefficient p~ 
defined by 

p; = po( O, 7-) - po( 7-) 
(1/2)pU2 (4.8) 

valid for small values of 7- for viscous flow by making use of (3.24) and 

. 4f0~ ( 0 ~ )  dO. (4.9) P0 = - ~  ~=0 
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Table 3. Calculated values of the time of separation, T, from 
the numerical solution. 

R/~ 0 1 2 4 6 8 

100 0.513 0.430 0.315 0.192 0.136 0.105 
500 0.394 0.355 0.284 0.183 0.132 0.103 
10 3 0.372 0.339 0.276 0.181 0.131 0.102 
10  4 0.337 0.313 0.262 0.177 0.130 0.102 

This coefficient p~ measures the change in dimensionless pressure over the surface of the 
cylinder starting from the front stagnation point. It may be shown that the expression for p~ 
found from (3.24) using (4.9) is 

1 4(cos 20 1)7- 

+ (8aZ(cos0 + 1) - 17r-3/2[r(7x/2 - 60) - 16](cos20 - 1)) 7- 2 

-47r-1/2(1 + cosS)k + [(3.009a 2 - 4.59154)(cos0 + 1) 

- 41.5813)(cos30 + 1)]kT- 2] (4.10) 

-I 

- - (  1 8 3 . 3 4 6 a  2 

The above physical properties of the initial oscillatory flow have also been calculated using 
the numerical method of integration given by Badr & Dennis [8]. The solution is started by 
integrating (3.3) and (3.4) using (3.7) as an initial condition and (3.5) and (3.6) as boundary 
conditions. An implicit method of integration of Crank-Nicolson type is used, and a given 
approximation is obtained by truncating the series (2.8) and (2.9). It is not necessary to give 
the numerical procedure in detail and we shall present only the results of the numerical 
integrations to check the above analytical expressions at small values of 7-. A comparison 
between the results for ~ obtained from the numerical solutions at small values of 7- and 
obtained from the formula (3.24) is given in fig. 1. The agreement is extremely satisfactory. 
The frictional and pressure drag coefficients defined in (4.4) have been determined using (4.5) 
and (4.6) analytically and fig. 2 shows these results together with the ones obtained from the 
numerical solution for the small values of 7- when R = 10 4 and a = 1.0. There is a remarkable 
difference between the contributions of the frictional and pressure drag coefficients to the total 
drag coefficient and Cp has major contribution to CD where Cy has very little contribution. 
The analytical results exhibited in fig. 3 compare satisfactorily with results derived from the 
numerical procedure. As a further check on the consistency of the analytical and numerical 
results, the pressure coefficient defined by (4.8) is compared for both methods in fig. 3 when 
R = 104, a = 1.0. The comparison seems satisfactory. We note that the range of R for which 
the validity of analytical results for T in Table 2 is not known but some evidence can be 
obtained from the numerical results for T in Table 3. 

The vortex formation starts with flow separation at 0 = 0 and the growth of such vortex 
requires time (or distance moved by the fluid). The effects of R and a on the distance moved 
until separation first occurs can be determined using 

x / A  = s in(aT)  (4.11) 
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Fig. 1. Compar i son  o f  the vorticity distribution over  the surface o f  the cyl inder  at R = 10 4, ~ = 1.0; - - ,  Numerical  
Solution; - - - ,  Analytical  Solution. 
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Solution. 
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Fig. 3. Comparison o f  the variation of  pressure coefficient over the surface of  the cylinder at R -- 104, a ---- 1.0; 
- - ,  Numerical  Solution; - - - ,  - -  " -  "Analyucal Solution. 

Table 4. Calculated values from the series solution of  
the distance, z /A ,  moved  until first separation occurs. 

R / ~  1 2 4 6 8 

500 0.338 0.495 0.614 0.661 0.685 

103 0.318 0.480 0.606 0.656 0.682 
104 0.293 0.458 0.595 0.648 0.676 

Table 5. Calculated values from the numerical solu- 
tion of  the distance, z / A ,  moved until first separation 
O c c u r s .  

_R/~ 1 2 4 6 8 

500 0.348 0.537 0.669 0.712 0.733 
103 0.333 0.524 0.662 0.708 0.731 

104 0.308 0.500 0.651 0.702 0.726 
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where T is the time of the first separation. The distance x/A in (4.11) is measured as a fraction 
of the oscillation amplitude A. This distance is determined both analytically and numerically 
for selected values of R and ~ and the results are given in the Tables 3 and 4 respectively. These 
tables show that with the increase of ~ the relative distance moved, x/A, until separation first 
occurs mainly depends on ~ with a very little dependence on R. Also, it seems that at small 
values of  c~ vortices have sufficient time to grow while for large ~ the vortices are formed just 
before the end of stroke leaving very little time for their growth. For example when c~ = 0.5 
flow separation starts at a distance less than 1/5 of the amplitude leaving the remaining 4/5 
to the vortex formation and growth. On the other hand, when ~ = 4.0, flow separation starts 
at a distance approximately equal to 2/3  of the amplitude leaving only 1/3 for the vortex 
formation and growth. 

5. Conclusion 

We have determined the initial flow of an oscillating fluid in the presence of a circular cylinder 
by both an analytical and numerical procedure. The important point about the investigation is 
that it adopts boundary-layer coordinates and scalings to model the flow but without making 
any boundary-layer approximations, since the full Navier-Stokes equations are retained for all 
times. We may note that unless a boundary-layer structure is adopted there is a considerable 
difficulty in determining the initial flow by numerical methods due to a singularity in the 
vorticity at 7- = 0. In other words, numerical methods which calculate the initial flow in the 
natural physical coordinates are likely to give inaccurate initial results. 

Some trial comparisons between the analytical and numerical results suggest that the 
analytical expressions are satisfactory at small times and are useful in providing initial details 
of the flow. These details can be used as starting information to which the numerical methods 
may be linked. 

We have not considered explicitly the question of steady streaming because the time taken 
for this to occur would be well beyond the validity of the present results. Major numerical 
calculations are required to study this phenomenon for longer times. 

Appendix 

tO21 - -  

16 
- ---~-Tr-2(6v/-~(37r + 2) - 213(4x 4 - 3x 2 + 3)7r 3/2 + 67rx 

+ V / - ~ ( 8 X  4 - -  6x 2 + 9) + 8x] e -x2 + [(37r + 4)x(4x 2 + 1) 

-6v ' -~(7z 2 - 4)] e -2~2 + v/-~(5z 2 - 3) e -3z2) - 4 8 x ( e r f x )  3 

7r-(613rx - v/-( + 4x] + - + 15) v (20z 4 24x 2 e-xZ(er f x) 2 

+97r-3/z(6[18xTr3/2 + 37r + 12v/'~x + 4] 

+[(37r + 4)(8x 4 + 6x 2 + 15) - 6v"~'z(14z 2 - 1)] e -~z 

-- 1 2 v ~ x (  10~ 2 - 17) - v%(  -fv2z) e - Z  2 
3 7 r  

- ~ Tr-2(6v/-~(37r + 2) - 213(4x 4 - 3x 2 + 3)a -3/2 + 6:rx 
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+v"~(8x 4 - 3022 - 9) + 8x]e -~2 -[(37r + 4)x(4x 2 + 1) 

+6v/-~(7x 2 - 4)] e -2~z + 6v'~(z 2 - 3)] e -3x2 + 16z(erfx) 3 

+ - ~  (2137rx - ~ + 4x] - v/-~(ax 4 + 2422 + 3) e-Z2)(erfx) 2 

-~Tr-3/2(616zTr3/2 - -  3re + 4v/-~z - 4] 

+[(37r + 4)(824 + 1822) + 9 + 6V/-~z(lnz 2 - 1 ) ] e  - 2 2  

+12V/-~z(2z 2 + 11) e-2Z2)(erfz) + ~v/-2z(erfv/-2:c) e - X  2 

, ' , 2 1 ( x )  = 9 • 7 1  "-5/2 ( V/-~[288071"222(20~ 2 -q- 1) -k- -- 
/ 

27r3/2(28260 17280V/2) 

+487r(39222 - 5) + 12480v/-~z + 2252822] 

-(7r221576026 - 24(5760v/'2 + 6900) - 22(11520v~ + 1800) 

+5760o~ 2 - 8640v'~ + 10170] + 7r3/21201624 

+22(15576 - 23040v/-2)- 1150v/-2 + 12480] 

+167rz(24026 - 42024 - 62822 + 1701v'~ + 1626) 

+ 128v'~(3624 + z 2 + 40) + 225282) e -x2 

+2v/-~(Tr[1440x6 + 24(270 - 2 8 8 0 v ~ ) +  22(405-  4320v~) 

-5760v '~  + 6360] -  48v"-~z(1 lOz 4 -  3 7 2 2 -  294) 

+80(2426 - 14x 4 - 6322 + 32)) e -2x2 

+967rz(7524 - 7122 + 44) e -3Xz + 4(422 + 1)(erfz) 3 

1 _l(a.[z2(l152v, ~ 732) + 288v'~ 225] + 228v/-~z - - 5 7 1 "  - -  _ 

-16(822 + 3) - 4v/-~z(60x 6 -  11224 - 18322 - 6 ) e  -~2) 

× (erfz)2 + 9_~Tr-2(907r214z2( 16c~2 _ 96v'~+ 73) - 96v/2 + 79] 

+27r3/2(19620 - 17280v'~) + 487r[z2(567v/3 + 472) + 25] 

+ 12480v'ffz+22528z 2 - v/-~( 157rz[19222 + 24( 132 - 384v/2) 

-22(768v'~ + 2 4 ) -  3168v~ + 2433] -  48V/-~(22026 q- 36x 4 

-57522 - 42) + 8 0 x ( 4 8 2 6  - 4w 4 - 16422 + 123)) e -~2 
64/-~ -1 -4807r(3026 - 71x 4 - 71z2))(erfz) + ~ v L r  

× ( 3 6 2 4 -  2422 - 5)e-X~(erf(v/-2:c)) 

r123(z) = l~-~Tr-5/2(8v"-~(720rr2z2 + 27r-3/2( 4 3 2 0 v ~ -  4185) 



The Initial Oscillatory Flow Past a Circular Cylinder 

+127r(72x 2 + 5) - 1200x/-~x + 512x 2 - 2(Tr2x[5760x 6 

+x4(2700  - 5760x/2) + x 2 ( 5 5 2 0 -  23040x/2))  

+8640x /2  - 5850] + 7r3/214896x4 + x2(22056 - 23040x/~) 

+1150x/-2 - 8640] + 487rx(80x 6 + 260x 4 - 84x 2 

- 2 4 3 v / 3  - 146) + 128x/-~x2(36x 2 + 71) + 2048x) e -x2 

+v/-~(7r[5760x 6 + X4( 15480 -- 11520V/-2) 

+Z2(29220- -4320X/2 )  + 23040X/2 -- 17760] 

+192V/'~-X(110X 4 -- 37X 2 + 102) + 320X2(24X 4 

+26X 2 -- 7)) e -2z2 -- 5 7 6 r x ( 5 x  4 -- 13x 2 + 92) e -3x2 

+ 37r-X(3r[32z2+96X/2--79]  -- 96V/-~x -4(  12x 2-  1)(erfx) 3 

+ 1 6 ( 4 x  2 - 3) + 12x/-~z(4x 6 + 32x 4 + 39x 2 - 30) e -~2) 

×(erfx)  2 + ~Orr-2(2707r2(16x 2 - 32v/2 + 25) 

+x r3 /2 (17280x /2  - 13860) - 487r[x2(243x/~ - 32) - 35] 

-4800v/-~x + 2048x 2 -  v/-~-(15rz[192x6 + x4(612 - 384x/~) 

+x2(1136  - 1536x/2) + 288x/2 - 315] + 48v/-~-(220x 6 q- 36x 4 

+ 2 1 7 x  2 -t- 42) + 80x(48x 6 + 76x 4 - 12x 2 + 3)) e -x2 

+14407r(2x 6 + 15x 4 + l l x  2 - 6))(erfx)  

-svS - (12x4 - 8 x  2 - 5)  e-X2(er f(x/~x)) 
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